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ABSTRACT: This response expands on the analysis performed in ‘Candidate Distributions for Climatological Drought
Indices (SPI and SPEI)’ by explaining several topics in greater detail and by testing the conclusions of our original article
against the claims made in the comment by Drs Vicente-Serrano and Begueria. Tests using the same 11 climate time series
confirm the original findings from Stagge et al. (2015) that the Generalized Extreme Value (GEV) distribution produces
consistently better fits. Claims that the GEV distribution exaggerates extreme SPEI values were found to be false by comparing
Log-Logistic and GEV-generated SPEI values directly to the baseline normal distribution, rather than to one another. Once
compared with the theoretical normal distribution, the GEV distribution was shown to better model the extreme tails, while the
Log-Logistic distribution consistently underestimated these values. Analysis of the tails was shown to introduce significant
uncertainty due to extrapolation regardless of the distribution. We thus strongly disagree with claims made in the comment
by Vicente-Serrano and Begueria that their results clearly recommend the Log-Logistic distribution. Instead, we prove that
differences tend to be small, but consistently support the use of the GEV distribution for SPEI analysis across multiple data
sources and goodness of fit metrics.
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1. Introduction Dataset (WFD) within the European domain, and while the
improvement over the Log-Logistic distribution was con-
sistent throughout all methods of analysis, this difference
was minor and not likely to make a significant change in
SPEI within the typical range of values. Therefore, there is
no reason to negate the use of the Log-Logistic distribution
or to disregard analysis or data generated from it.
Nevertheless, we strongly disagree with the claims made
in the comment by Drs Vicente-Serrano and Begueria
(Vicente-Serrano and Begueria, 2015, referred to here
as VS&B-Comment) that their results ‘clearly recom-
mend’ the use of the Log-Logistic distribution and that
the results from the original article (Stagge et al., 2015)
‘are not robust and depend on the data used’. To test
the conclusions of our original article against the claims
of VS&B-Comment, this response attempts to replicate
the analysis of VS&B-Comment using the same data.
The results confirm the original findings from Stagge
etal. (2015), that the GEV distribution produced con-
sistently better SPEI fits than the Log-Logistic distri-

We appreciate the work of Drs Vicente-Serrano
and Begueria in both developing the Standardized
Precipitation-Evapotranspiration Index (SPEI) and in
providing this detailed comment on our article, ‘Candidate
Distributions for Climatological Drought Indices (SPI and
SPEI)’. Their comment (Vicente-Serrano and Begueria,
2015) represents a significant amount of research and we
thank them for expanding on our analysis.

Itis important to clarify that the original article by Stagge
et al. (2015) was not intended to invalidate previous SPEI
studies that used the generalized logistic (Log-Logistic)
distribution or to imply that this distribution is incorrect.
The goal of our original article was to highlight the impor-
tance of distribution testing and to show a more general-
ized distribution test across a large number of locations.
Stagge et al. (2015) recommends the Generalized Extreme
Value (GEV) distribution based on the Watch Forcing
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bution across multiple metrics. The subsequent analysis
included in VS&B-Comment is hampered by making a
direct comparison between the GEV and Log-Logistic
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distributions, never comparing the results to the theoretical
normal distribution. When this is done, the GEV distri-
bution is much nearer to the theoretical across all met-
rics used in VS&B-Comment and Stagge et al. (2015).
In conclusion, we support the use of the Log-Logistic
distribution for SPEI analysis, but believe that confirma-
tion of the superiority of the GEV distribution using a
previously untested dataset (the 11 climate stations from
VS&B-Comment) supports its use as a slightly better alter-
native specifically for the European domain. Although not
conclusive, the superiority of the GEV in non-European
stations and the accuracy of reproducing extreme SPEI val-
ues in the global Climatic Research Unit (CRU) dataset
suggests that the GEV distribution is superior globally
as well.

2. Goodness of fit tests

The first argument of VS&B-Comment is that the sta-
tistical tests used in Stagge et al. (2015) are inadequate
to determine a preferred SPEI distribution. In particular,
Shapiro—Wilk p-values are cited as having poor discrim-
inating power and the use of the Kolmogorov—Smirnov
(K-S) and Anderson—Darling (A-D) tests is deemed
inappropriate. VS&B-Comment instead states that distri-
bution decisions should be made based on the tails of
the distribution. This argument is further discussed in
Section 3 of this response. Section 2 of VS&B-Comment
makes an important point about the Shapiro—Wilk test,
that goodness of fit tests cannot be used to distinguish
between distributions above the significance level, typi-
cally «=0.05. This is a point that Stagge et al. (2015)
never disagrees with. In fact, Stagge et al. (2015) never
shows the distribution of p-values graphically or uses this
distribution to select a preferred distribution. Instead the
rejection rate is used, calculated as the proportion of times
the null hypothesis is rejected. This is an appropriate use
of the Shapiro—Wilk p-value, and this method is repro-
duced correctly in Table 1 of VS&B-Comment for the
global CRU and WFD datasets. Unfortunately, the remain-
der of the Shapiro—Wilk analysis in VS&B-Comment is
based on analysing the distribution of p-values, which
should never be done. VS&B-Comment Figure 1 and
its companion VS&B-Comment Supporting Information
Figure 1 both show the p-value distribution graphically
and use it to make claims regarding the goodness of
fit for the Log-Logistic and GEV distributions. This is
incorrect. Similarly, Supporting Information Figure 2 of
VS&B-Comment presents the mean p-value for each grid
cell globally, which suffers from the same error in statisti-
cal methodology and should be disregarded as well.

To replicate the findings from VS&B-Comment, we fit
the GEV and Log-Logistic distribution to the same 11 time
series used in this comment and ran the suite of good-
ness of fit tests used in Stagge et al. (2015). Station data
were downloaded from the SPEI package in R (Begueria
and Vicente-Serrano, 2015) and include the Lahore, Pak-
istan observatory, which provides the basis for much of
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Section 3 in the VS&B-Comment. As in our original arti-
cle, we use several goodness of fit tests to provide a more
robust comparison, pairing a log-likelihood test for the dis-
tribution fit Akaike Information Criterion (AIC) with the
Shapiro—Wilk test for normality in the final SPEI values.
Figure 1(a) shows the ratio of months where the GEV dis-
tribution had a better (lower) AIC than the Log-Logistic
distribution for each station, while Figure 1(b) shows the
Shapiro—Wilk rejection frequency for the GEV (top) and
Log-Logistic (bottom) distributions.

Goodness of fit tests provided here strongly support
the use of the GEV distribution, based on better AIC
scores (Figure 1(a)) and fewer Shapiro—Wilk rejections
of normality (Figure 1(b)) across nearly all locations
and accumulation periods. For the GEV distribution, 7
of the 11 stations produced no rejections of normality
(Figure 1(b)), including 2 of the 3 stations within the orig-
inal European domain. The sole exception to improved
fit with the GEV distribution is the Lahore, Pakistan sta-
tion (Figure 1(a)), suggesting that it is not representative
in terms of goodness of fit and has a unique, semi-arid
climate with a distinct monsoon season. This particu-
lar station receives attention in the text and Figures 2
and 3 of VS&B-Comment. In addition to critiquing the
Shapiro—Wilk test, VS&B-Comment claims that it is a
mistake to use the K-S and the A—D tests to estimate
goodness of fit for SPEI distributions because their dis-
tribution parameters must be pre-specified and not esti-
mated from the data itself. This restriction is partially true,
though it requires some clarification. These tests cannot
use published critical values, as published critical values
assume pre-specified distributions. However, both tests are
applicable if the critical values are determined for the spe-
cific case (Crutcher, 1975; Steinskog et al.,, 2007). We
accounted for this by instead using bootstrapping to esti-
mate K-S and A—D critical values for each distribution
and set of parameters (see Stagge et al., 2015, Section 2.7).

3. Testing distribution tails

VS&B-Comment provides a detailed analysis of the dif-
ferences in the tails of the Log-Logistic and GEV distri-
butions, claiming that the GEV distribution has a more
marked decrease in the tails, which results in ‘an over-
representation of extreme SPEI values’ and thus ‘unreal-
istically high return periods.” While the GEV distribution
does generally have thinner tails, relative comparisons of
this type have no bearing without relating to the theoreti-
cal SPEI baseline: the Gaussian distribution (McKee et al.,
1993). When transformed SPEI values are compared with
the standard normal, it is clear that the GEV distribution
better models the extreme tails, whereas the thicker tails
of the Log-Logistic distribution underestimate the severity
of extreme values (see below).

The lack of a true baseline for tail comparisons
is a fundamental problem in Figures 2, 3 and 4 of
VS&B-Comment, which all directly compare the
Log-Logistic distribution to the GEV distribution. In order

Int. J. Climatol. 36: 2132-2138 (2016)



2134

J. H. STAGGE et al.

(@ 100 L WW—
L4
75
&
3 50
Qo
Q
<<
25 -
0
I I I I I I I I I
0 3 6 9 12 15 18 21 24
Accumulation period (months)
b
( ) 40 —
30 —
< f
& z
>
o
c
[}
o}
o
D
=
c
Ke]
©
2
g
= £
| Q
»n 5]
Q
2
=
I I I I n I I I 5
0 3 6 9 12 15 18 21 24
Accumulation period (months)
Station
+ +
Abashiri Albuquerque Helsinki Indore Kimberley Lahore
+ Fat A $
Punta Arenas Sao Paolo Tampa Valencia Vienna

Figure 1. Goodness of fit test for the 11 stations in VS&B-Comment. Tests include (a) the fraction of months where the GEV distribution produces
a better fit according to AIC and (b) the Shapiro—Wilk (S—W) rejection frequency.

to address this problem, Figure 2 of our response compares
the SPEI values calculated using the Log-Logistic and
GEV distributions for the 11 stations discussed previously
against the theoretical SPEI values calculated from the
normal distribution. The median for all 12 months and
11 stations is shown as a solid line, while the 10th—90th
percentiles are shown as shaded regions. The left figure
plots the fitted SPEI values directly against the theoretical
SPEI, as in Figure 3 of VS&B-Comment, while the right

© 2015 The Authors. International Journal of Climatology published by John Wiley & Sons Ltd
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figure rotates this figure and plots the difference between
fitted and theoretical along the 1:1 axis to make more
detailed comparisons.

These results confirm the finding in VS&B-Comment,
that the GEV distribution produces more extreme SPEI
values than the Log-Logistic distribution, i.e. in excess of
SPEI +2. However, by comparing these distributions to
the theoretical normal distribution, it is clear that the GEV
distribution’s overestimation at the extremes is mirrored

Int. J. Climatol. 36: 2132-2138 (2016)



RESPONSE TO COMMENT ON ‘CANDIDATE DISTRIBUTIONS FOR SPI AND SPEI’ 2135

04—

SPEI (fitted)
o

g
b=
1

ASPEI (fit-theor)

Dist —04 7

o =y Distribution
= GEV
Log-logistic
E‘ Log-logistic
—08 -

-3 T T T T T T T T
-3 -2 -1 0 1 2 3 -2 -1 0 1 2

SPEI (theoretical) SPEI (theoretical)

0.4 —

SPE! (fitted)
o

ASPEI (fit-theor)
1

Dist

_2— — GEV Distribution
- L — GEV
Log—logistic —04
Log-logistic

-3 T T T T T T T T
-3 -2 -1 0 1 2 3 -2 -1 0 1 2

SPEI (theoretical) SPEI (theoretical)

03—

SPEI (fitted)
o

ASPEI (fit-theor)

Dist

Distribution

-2 — ey 0.3

= GEV
Log-logistic
E‘ Log-logistic

-3 T T T T T T T T
-3 -2 -1 0 1 2 3 -2 -1 0 1 2
SPEI (theoretical) SPEI (theoretical)

Figure 2. SPEI values for all 11 stations and 12 months plotted against the theoretical SPEI values for (a) 1, (b) 6, and (c) 12 month accumulation

periods. GEV distribution is plotted in red, while the Log-Logistic distribution is plotted in blue. The line represents the 50th percentile, while the

shaded regions show the 10th—90th percentiles. The figures on the right are rotated to show the difference between measured and theoretical in
greater detail.
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by the Log-Logistic’s underestimation. This contradicts
VS&B-Comment’s assertion that the Log-Logistic distri-
bution is more accurate at the extremes. Instead, both dis-
tributions are inaccurate for the most extreme values, with
the GEV overestimating severity and the Log-Logistic
underestimating severity. The accuracy of extreme SPEI
values will be discussed in greater detail in Section 4.

It is more important to note that the GEV distribution
is significantly more accurate across the range of typical
SPEI values [—2, 2]. The Log-Logistic distribution tends
to overestimate positive SPEI values (0 to 2) and to under-
estimate negative SPEI values (-2 to 0), with this effect
becoming more pronounced at longer accumulation peri-
ods of 6 and 12 months. McKee et al. (1993) established
drought classes of [0, —1), [-1, —1.5), [-1.5, —2) and
[—2, —o0), which have become de facto definitions, often
repeated in drought classification schemes. We therefore
argue that producing accurate SPEI values with no appar-
ent exaggeration across the range (—2, 2) is most important
for drought monitoring and management. Based on this
criterion, the GEV distribution is superior. Not surpris-
ingly, uncertainty increases in the extreme tails, as will be
discussed in the next section.

While comparing the tails of the SPEI distribution,
VS&B-Comment states that the frequencies of high
and low SPEI events using the GEV are unrealistically
high, citing the number of times the SPEI exceeds the
0.5% values (SPEI=-2.58). To support this claim,
VS&B-Comment plots the fraction of global cells
that exceed this limit a given number of times during
the 64 year CRU TS3.2 time series (VS&B-Comment
Figure 6). There is a clear distinction between the GEV
and Log-Logistic distributions, but as in the discus-
sion above, results are not compared with a theoretical
distribution making it unclear which is most correct.

In order to determine which distribution is more accu-
rate, we simulated 64 year time series of monthly SPEI
values randomly generated from the standard normal dis-
tribution. This method of generating synthetic SPEI time
series with perfectly normal distributions was repeated
for 10000 grid cells to determine the theoretical frac-
tion of grid cells with a given number of exceedances.
This method is only valid for the 1-month SPEI because
longer accumulation periods aggregate the same values,
leading to temporal autocorrelation. The theoretical dis-
tribution is plotted in Figure 3(b), alongside the original
Figure 6 from VS&B-Comment (Figure 3(a)). The GEV
distribution from VS&B-Comment is extremely similar to
the theoretical distribution generated here. This analysis
is a partially blind experiment, as the data fitting and
analysis was performed without any knowledge of the the-
oretical distribution. This further confirms that the GEV
distribution better reproduces extreme statistics in the tails.

4. Confidence in distribution tails

We would like to dispel a slight misunderstanding in the
rationale for introducing limits on SPEI values, proposed
in Stagge et al. (2015). Section 2.5 of Stagge et al. (2015)
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Figure 3. The global proportion of grid cells with SPEI values in excess

of —2.58, reproduced from VS&B-Comment (a), with the Log—Logistic

distribution shown in white and the GEV distribution shown in black.

Figure (b) shows the theoretical proportion of grid cells that exceed

—2.58 for atime series randomly selected from normally distributed SPEI
values.

points out that calculating extreme SPEI values based on
limited historical data involves significant extrapolation
and therefore significant uncertainty in extreme SPEI esti-
mates. The article provides an example of the extreme lev-
els of uncertainty inherent in SPEI values of —4 and goes
on to suggest that the most accurate course of action would
be to calculate confidence intervals on the entire time series
of SPEI values. However, this is computationally expen-
sive for large datasets. As a less desirable, but workable
compromise, Stagge et al. (2015) suggested placing rea-
sonable limits on the SPEI time series based on an accept-
able level of uncertainty. A reasonable limit for the WFD
was found to be [-3, 3], well beyond the ‘extreme drought’
class suggested by McKee et al. (1993). Values beyond this
limit were not discarded, but rather retained as —3, with a
note showing that this period is extremely dry, but is too
uncertain to quantify accurately.

VS&B-Comment claims that this problem could be
solved without the need for artificial bounds by simply
using the Log-Logistic distribution, rather than the GEV
distribution. In order to test this theory, we used SPEI-6
values calculated for the Lahore, Pakistan station in
August, as in VS&B-Comment. Uncertainty was calcu-
lated for each point using a parametric bootstrap approach
(1000 iterations), similar to the method described in
Section 2.5 of Stagge et al. (2015). The 95% confidence
intervals for various levels of SPEI are presented in
Figure 4.

Int. J. Climatol. 36: 2132-2138 (2016)
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Figure 4. Confidence intervals (95%) for SPEI-6 values calculated at the Lahore station in August. Confidence intervals are shown as shaded regions
for the Log-Logistic distribution as SPEI values (a) and return periods (b), and also for the GEV distribution, as SPEI values (c) and return periods
(d). The red-dotted line shows the range of the maximum and minimum SPEI values calculated for this time series.

Figure 4(a) and (b) show that the 95% confidence inter-
vals increase significantly beyond the SPEI values of +3
for the Log-Logistic and GEV distributions, respectively.
This is reasonable, given that the minimum SPEI values
for the August time series are —2.64 (Log-Logistic) and
—3.08 (GEV) as shown by dotted red lines in Figure 4.
These values are relatively close to the expected mini-
mum value for 107 observations (1901-2007), which is
—2.36. Figure 4 consequently highlights that estimates
outside the observed SPEI range are increasingly subject
to uncertainty due to extrapolation. Converting the confi-
dence intervals from probabilities to return periods further
highlights the danger of producing highly unreasonable
and uncertain SPEI values by extrapolation (Figure 4(b)
and (d)). In engineering practice, it is rare to see return
periods longer than 100 or 500 years, so important histor-
ical dates are shown in this figure to provide context. In
order for these return periods to have meaning, it is neces-
sary to imagine that climate has remained stationary over
all time periods. Confidence intervals for SPEI values and
return periods are shown in the range of [—6, 6], mirroring
the bounds in VS&B-Comment Figure 3. The SPEI limit
proposed in Stagge et al. (2015) is [—3, 3], corresponding
to a return period of approximately once in 740 years

© 2015 The Authors. International Journal of Climatology published by John Wiley & Sons Ltd
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for each month. This estimate is only 95% accurate to
return periods between 100 years ago and prior to the first
appearance of humans outside of Africa (1.7 x 10° years
ago) for the GEV distribution. It should be noted that
these bounds are conservative, as they consider only uncer-
tainty due to distribution fitting and not the uncertainty
in historical climate observations. This extreme level of
uncertainty, independent of distribution choice, was the
original rationale behind the argument for SPEI limits in
Stagge et al. (2015).

5. Fitting differences

Results for the Shapiro—Wilk test using the CRU and
WED in VS&B-Comment (Table 1) and using the WFD
in Stagge et al. (2015) (VS&B-Comment, Figure 5) are
in direct opposition, with VS&B concluding that the
Log-Logistic distribution produces fewer rejections and
Stagge et al. (2015) concluding that the GEV is better.
This reversal may result from differences that occur due to
minor differences in methodology and could be caused by
comparing global results using CRU data with European
results using WFD. Additionally, Stagge et al. (2015) used

Int. J. Climatol. 36: 2132-2138 (2016)
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a daily time step, resulting in 365 distributions for each
grid cell, whereas VS&B-Comment used monthly data,
producing 12 distributions for each cell. Use of a daily time
step allowed for more detail and a larger sample population
in Stagge et al. (2015). This daily time step was the true
reason for discussing temporal autocorrelation in Stagge
et al. (2015), not a concern for excessive extreme values,
as suggested in VS&B-Comment.

Regardless, it is unlikely that the difference in spa-
tial domain and time step would account for all the
recorded difference between the independent analysis of
VS&B-Comment and Stagge ef al. (2015). We suspect
that much of this difference derives from the fitting proce-
dure, as suggested in VS&B-Comment. VS&B-Comment
and Vicente-Serrano ef al. (2010) both use Probabil-
ity Weighted Moments (PWM) for distribution fitting.
Stagge etal. (2015) uses the same PWM method to
set initial parameter values, but these are then input
into a maximum-likelihood estimation (MLE) scheme.
VS&B-Comment shows that use of MLE decreases the
anomalously extreme SPEI values they found when using
a PWM fitting method. Further evidence pointing towards
the fitting procedure as the root of this difference is the
relatively high proportion of distribution fitting failures
for the GEV in VS&B-Comment. Our use of PWMs
for initial values and MLE for the final fit affords the
advantages of both methods: speed and stability from
PWM and accuracy from MLE. We experienced no fitting
failures, using either the WFD or the 11 stations for both
the GEV and Log-Logistic distributions. Given our lack
of fitting failures and overall statistical support for the
GEV distribution across all tests, we believe that the pro-
portion of cases with no solution and slower processing
times highlighted in VS&B-Comment is not a compelling
argument for selecting the Log-Logistic distribution, but
rather an indication of fitting difficulties for the GEV that
resulted in poor goodness of fit.

6. Conclusions

VS&B-Comment and Stagge etal. (2015) both agree
that continued analysis and careful testing are important
to ensure that the SPEI is a robust drought index that
can be used globally to measure, monitor and forecast
meteorological drought. Further, we would like to reiterate
that Stagge et al. (2015) and this response is not intended
to invalidate prior research using the Log-Logistic
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distribution to normalize SPEI values. Overall, the differ-
ences between the Log-Logistic and GEV distributions
tend to be small. However, the results presented here
strongly refute claims made in VS&B-Comment that the
Log-Logistic distribution should be clearly recommended
and that the selection criteria outlined in Stagge et al.
(2015) are inadequate.

Replicating the analysis of VS&B-Comment using the
same 11 time series confirmed the original conclusions of
the European study, i.e. the GEV distribution produces a
consistently better fit for the SPEI. Claims that the GEV
distribution produces an overabundance of extreme SPEI
values were found to be false by comparing each dis-
tribution directly to the baseline Gaussian distribution,
rather than to one another. The GEV distribution was thus
shown to be more accurate and the Log-Logistic distribu-
tion specifically found to under-represent extreme values.
Uncertainty in extreme SPEI values was also shown to
be a function of extrapolation that cannot be resolved by
distribution selection, as suggested in VS&B-Comment.
Finally, distribution fitting failures were not experienced
in our analysis and thus do not represent a strong argu-
ment for choosing the Log-Logistic distribution in light of
the statistical support for the GEV distribution. Thus, we
support the use of the Log-Logistic distribution for SPEI
analysis, but respectfully believe that the GEV represents
a better alternative specifically for the European domain,
but possibly the larger globe.
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